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FOREWORD 
This report was prepared by Aerospace Systems, lnc. (AS!), Burlington, 
Massachusetts, for the National Aero~autics and Space Administration (NASA) under 
Contract No. NAS 2-8671. The report documents the results of research performed 
during the period October 1975 to May 1977. The study was sponsored by the Ames 
Research Center, Moffett Field, California, with Dr. Wayne Johnson serving as 
Technical Monitor. 
The effort was directed by Mr. John Zvara, Precident and Technical Director 
of AS1 . Mr. Richard 8. Nol l  , Vice President of ASI, served as Project Engineer. 
Mr. Paul Soohoo of AS1 and Dr. Luigi Morino, Director of the Computational Continuum- 
Mechanics Program at Boston University, were Principal Investigators. Dr. Norman D. 
Ham, Director of the V/STOL Technology Laboratory at MIT, contributed to the study 
as Principal Consultant. 
SUMMARY 
An investigation has been performed to demonstrate the feasibility of the 
Green's function method to study ti1 ting proprotor aircraft aerodynamics with particular 
application to the problem of  the mutual interference of the wing-fuselage-tail-rotor 
wake configuration. While the formulation i s  valid for fully unsteady rotor aerodynamics, 
t h i s  report i s  mainly concerned with steady-state aerodynamics, which i s  achieved by 
replacing the rotor with the actuator disk approximation. The use of an actuator disk 
analysis introduced a mathematical singularity into the formulation; this problem has 
been studied and resolved. 
The pressure distribution, l i f t , and pitching moment were obtained for an 
XV -1 5 wing-fuselage-tail rotor configuration at various flight conditions. For the 
flight configurations explored in this investigation, the effects of the rotor wake inter- 
ference on the XV-15 ti1 t rotor aircraft yielded a reduction i n  the total l i f t  and an 
increase in the nose-down pitching moment. 
The present method has potential application in the design of helicopters 
because i t  provides an analytical capability that i s  simple to apply and can be used to 
investigate fuselage-tail rotor wake interference as well as to explore other rotor design 
problem areas. The numerical results obtained are of a preliminary nature and were 
used to identify requirements for further theoretical and experimental research into 
wing-tail-rotor aerodynamic interference effects on ti l t ing proprotor aircraft. 
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SYMBOLS 
blade l i f t  curve slope 
base vector defined by Equation (103) 
base vector defined by Equation (104) 
arbitrary constants 
aspect ratio 
number of rotor blades 
source coefficient defined by Equation (93) 
horizontal tai l  spar, 
wing span 
blade chord 
mean aerodynamic chord 
doublet coefficient defined by Equation (92) 
horizontal tai l  chord 
wing chord 
drag coefficient 
L 
- . l i f t  coefficient qS' 
pitching moment coefficient 
coefficient of lower pressure distribution 
coefficient of upper pressure distr i buiion 
rotor thrust coefficient defined by Equation (9) 
component of thrust coefficient along flight path 
component of thrust coefficient perpendicular to flight path 
SYMBOLS (Continued) 
drag force 
domain function defined by Equation (60) 
arbitrary scalar functions 
rotor attitude 
rotor height-to-diameter ratio 
rotor incidence angle 
unit vectors along x, y, z directions, respectively 
doirblet integral defined by Equation (100) 
source integral defined by Equation (1 01) 
l i f t  
unit normal to surface Z 
direction normal to the surface of the blade 
unit normal to the blade 
direction normal to the surface of the actuator disk 
unit normal to actusator disk 
outward normal lo surface C 
total number of elements 
pressure 
parameters describing the geometry of hyperboloidal elements 
corner points of hyperbaloidal elemer,t (see Figure 12) 
point on surface C 
control point on surface C 
dummy point on surface C 
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SYMBOLS (Continued) 
point on the wake being convected with velocity A 
control point in the flow field 
dynamic pressure : 
distance between control point and dummy point 
radial position along blade element (see Section 8) 
rotor rudius 
radius of spherical surface C (see Figure 9) 2 
direction tangential to !he surface of the blade 
vector tangential to the surface of the blade 
direction tangential to the surface of the actuator disk 
vector tangential to the surface of the actuator disk 
area of wing 
time 
rotor thrust 
resultant air velocity 
resultant air velocity perpendicular to tip path plane 
resultant air velocity tangent to tip path plane 
h e  stream velocity 
rotor induced velocity (see Equation 106) 
perturbation velocity 
rotor induced velocity on horizontal stabilizer, ft/sec 
flight velocity 
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SYMSOLS (Continued) 
velocity vector 
resultant flow velocity obtained with two-vortex model 
mean convection velocity obtained with vortex cylinder vodel 
average value of velocity 
velocity of the body 
volume internal to the surface of the body C 
component of the veiocity vector i- the x, y, z airection, respectively 
wake coefficient defined by Equation (94) 
aircraft gross weight 
wake coefficient obtained from the branch wake 2: 
axial coordinate 
iength of vortex cylinder generated during one revolution of the 
rotor, and measured along the axis of the cylinder 
spanwise coordinate measured from mid-span 
angle of attack 
rotor attitude 
blade inflow angle (see Figure 11)  
blade conins angle 
blade longitudinal flapping angle with respect to hub plane 
blade lateral flapping angle with respect to hub plane 
angle of climb 
mid-span value of ell iptical circulation distribution 
xvi  
SYMBOLS (Continued) a j, 
Kronecker delta = { b k i k  
pitch flap coupling, degree 
radius of C (see Figure 9) 1 
rotor ongular position 
blade collective pitch at rhree-quarter radius 
blade lateral cyclic pitch 
blade lateral cyclic pitch angle with respect to hub plane 
blade longitudinal cyclic pitch 
blade longitudinal cyclic pitch angle with respect to hub plane 
blade pitch at threequarter radius 
inflow ratio 
advance ratio 
curvilinear coordirtates for hyperbol 
air density 
solidity of rotor (Equation 109) 
oidal elemen 
surface surrounding the body and the woks 
surface of the body 
surface of actuator disk 
th h quad: ilateral element 
th k quadrilateral element 
surface of the rotor blades 
xvi i  
SYMBOLS (Concluded) 
surface of the wake 
surface surrounding the body and rotor blades (Figure 9) 
spherical surface of radius e and center P, 
spherical surface of radius and center P, 
Q2 
strip of wake element (bounded by two streamlines) 
emanating from element C k 
wakes of the rotor blades 
surface of the tail wake 
surface of the wing wake 
thickness ratio 
perturbation potential 
potential at trailing edge 
perturbation potential at control point P, 
value of A rp on the branch wake of actuator disk 
blade inflow angle 
potential = U x -t rp OD 
blade azimuth angle 
downw~sh on actuator 
rotor rotational speed 
angular ve lo~ i t y  of the rotor 
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SECTION 1 
INTRODUCTION 
The XV-15 tilting proprotor (t i l t  rotor) aircraft i s  being developed under a 
joint N A s A / A ~ ~ ~  program tc provide flight research and technical data for the design 
of t i l t  rotor aircraft for military and civi l  applications (References 1 and 2). This t i l t -  
ing proprotor research aircraft i s  characterized by low disk-loading rotors (two 3-bladed, 
25-ft diameter rotors for a gross weight of 13,000 Ib) mounted at the wing tips, a forward- 
swept high wing, and twin vertical tails. The XV-15 aircraft offers the hover and low- 
speed capabilities of a helicopter and the high-speed cruise (300 knots) advantages of 
fixed-wing aircraft. The proprotors are positioned in a helicopter mode to take off 
vertically. As forward speed i s  developed, the rotors are tilted forward progressively 
(conversion mode) until the high speed cruise mode i s  achieved. In t h i s  aircraft mode, 
l i f t  i s  provided by the wings, and the proprotors provide the propulsive thrust. 
The large rotors located on the wing tips and tilted at different thrust angles 
introddce numerous dynamic considerations (e.g., References 3 to 6). In particular, 
the aerodynamic wake generated by the rotors can envelope the tail surface. Thus, 
the mutual interference of the rotor, wing, fuselage, tail, and their wake. ;s poten- 
tially of greater importance for this aircraft than for other configurations.  omp pared 
helicopters, the aircraft has larger wing and tail surfaces; compared to propeller air- 
planes, i t  has much larger rotors which perform the same function as propellers. The 
effects of the aercdvnamic interference on the stability and control characteristics of 
the aircraft are expected to be important. O f  particular interest i s  the effect on longi- 
tudinal trim of the aircraft, especially through transition and conversion modes. 
This report demonstrates the feasibility of a method to study aerodynamic 
interference effects on aircraft. In particular, the problem of the rotor wake interaction 
effects for a tilting proprotor aircraft at various flight conditions i s  investigated. The 
results obtained are of a preliminary nature and are used to identify requirements for 
further theoretical and experimental research into wing-tail-rotor aerodynamic inter- 
ference effecfs on tilting proprotor aircraft. 
The report begins in Sectioq 2 with o description of the t i l t  rotor aircraft and 
a review of problems anticipated because of aerodynamic interference. The state of the 
art in the prdict ion and allalysis of aerodynamic inttrference i s  reviewed briefly in  
Section 3. The approach to the problem used in this study i s  discussed in Section 4, along 
with required modifications to a computer program used in calculating aerodynumic loads. 
Sectran 5 presents the potential aerodynamic theory for the mutugl interference of a wing- 
fuselage-tail-rotor wake configuration. In Section 6, the potential aerodynamic theory 
i s  modified for the special c a e  of an actuator disk model I lstead of a finite-blade rotor 
model. Sectior, 7 gives the numerical formulation used to implement the aerodynamic 
theory of Sections 5 and 6 into a computer program. The determination of  appropriate 
flight c a d i  tions to be used in the investigation i s  discussed in Section 8. Section 9 
presents the computed results and discusses the implications of the calculations. Section 
10 provides concluding remarks on the present study, and gives recommendations for 
future research based on the resuits of this study. A list of references supporting the 
various discussions i s  included, as well as appendices which provide supplementary 
information on the computer program used during the study and on the actuator disk 
equation. 
- 2  - 
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SECTION 2 
TILTING PROPROTOR AIRCRAFT BACKGROUND 
I 
2.1 AIRCRAFT DESCRIPTION 
i The ti l t ing proprolor aircraft combines i n  one aircraft the hover efficiency 
of ;'le helicopter and the high-speed efficiency of the fixed-wing aircraft (References 
1 7, and 8). The NASA/Army ti l t ing proprotor research aircraft program sponsorsd 
pr1:liminary design studies (References 9 and 1 O), which led to the development of a 
ti It -rotor research aircraft designated as the XV-15. 
The XV-15 (Figure 1 and Table 1) i s  representative of those aircraft which 
en,,)loy the t i l t  rotor concept. The hover l i f t  and cruise propulsive force i s  provided by 
low disk-loading rotors located at each wing tip. The rotor axes rotate from the verti- 
cul (or near vertical), the normal position for hover and helicqjter flight, to the 
horizontal for air-lane mode flight. Conversion characteristic! are given in Table 2. 
Hover control i s  provided by rotor generated forces and moments, while airplane mode 
b flight control i s  obtained primarily by the use of conventional aerodynamic control 
surfaces (Table 3). 
A cr ss-shafting system connecting the rotors provides several benefits. 
This  system precludes the complete loss of power to either rotor due to a single engine 
failure, permits power transfer for transient conditions, and provides rotational speed 
synclwonization. Rotor-axis t i l t  synchronization i s  cc!;;eved by a separate interconnect 
shaft. 
3, aircraft i s  capable o f  high duration hover (approximately one hour at 
design yross weight), helicopter mcde flight, versatility in  performing conversion 
(steady-state flight i s  possible at any point in the broad transition corridor), and air- 
- 
plane inode level flight at speeds greater than 300 knots. The low disk-loading rotws 
- 3 -  
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Figure 1 . XV-15 Tilt Rotor Reseorch Aircraft. 
Table 1. Dimensionsand General Data for XV-15. 
Description 
Area, sq f t  
Span, ft 
Chord, f t  
c', ftC 
Aspect ratio 
Incidence, degree 
Dihedral , degree 
C Sweep - , degree 
4 
Section (NACA) 
Tail length, ft 
Wing 
169.0' 
Horizontal 
Tail 
Vertical 
Tail 
a - between rotor centerlines at t i l t  axis; b - root/tip; c - mean aero- 
dynamic chord (MAC); d - total; e - hinged at 33 percent chord; 
f - upper. 
can be operated in the autorotation state to reduce descent rate in  the event of total 
power loss. Research operation at the design gross vrclght allows for a total useful load 
of over 2900 pounds. A t  intermediate rotor-axis t i l t  angles (between 60' and 75O), the 
aircraft can perform STOL operations at weights above the maximum VTOL gross weight. 
The Lycoming LTClK-4K (a modification of the r53-L-13B) engines and main 
troiismissions are located in wing-tip nacelles to minimize the operational loads on the 
cross-shaft system and, with the rotors, t i l t  as a single unit. The use of the free turbine 
engines permits the reduction of rotor rotational speed for airplane mode flight to improve 
rotor performance and reduce cruise noise. ORIGINAL PAGl; 
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Table 2. Conversion Characteristics for XV-15. 
Conversion axis: 
Wing chord location, percent 
Forward sweep, degree 
Dihedral, degree 
Angle-to-mast axis, degree 
Angle of outboard tilt-of-mast axis 
Helicopter mode, degree 
Airplane mode, degree 
Conversion range, degree 
Rotor tip clearance (helicopter mode 
Ground, f t  
Wing upper surface, f t  
8 )  to: 
Rotor tip clearance (airplane mode) to: 
Fuselage, ft 
Wing leading edge, f t  
Table 3. Dimensions of Movable Aerodynamic Surfaces for XV-15. 
- 
Description 
Area aft hinge, sq ft 
Span, ft 
Chord aft hinge, percent 
Surface deflection, degree 
Control travel for total 
surface deflection, in  
1-- I Flap I Flaperon I Elevator I Rudder 
a - total both punels; b - one side, along hinge; c - see Figure 3. 
The XV-15 research aircraft utilizes 25-ftdiameter gimbal-mounted, 
stiff-inplane, three-bladed rotors, with elastomeric flapping restraints for increasing 
he1 icopter mode control power and damping. Rotor4lade characteristics are shown 
in Figure 2 and Table 4. Variable rotor-tip speed control i s  provided to enable 
research on noise, performance, and hover downwash. The nominal design tip speeds 
are tabulated as follows: 
The forward -swept wings provide clearance for 12O o f  f lap deflection which w i l i  accom- 
modate gusts and maneuver excursions while operating in  the airplane mode. Wing- 
pylon-rotor stabil i ty i s  acccmpl ished by S P I ~ L  ting a stiff wing and pylon-to-wing 
attachment and minimizing the distanc 3 of the rotor hub from the wing. Airplane 
mode wing-pylon-rotor stability i s  retained up to airspeeds of 370 knots even with a 
20 percent reduction i n  wing and pylon stiffness. 
For hover flight, the wing flaps and flaperons are deflected downward to 
reduce the v ing download and incrt-5e hovering efficiency (Figure 3). Hover ro l l  
control i s  ~ rov ided  by differential rotor collective pitch, pitch control by cyclic 
pitch, and yaw control by differential cyclic pitch. Pilob controls i n  the helicopter 
mode are similar to that of a conventional helicopter. A collective stick provides 
power and collective pitch for height control and a control stick provides longitudinal 
and lateral control. 
rPm 
565 
458 
62 5 
66 1 
Condition 
Hover/~el icopter Mode 
Cruise/Airplane Mode 
Hover Test Overspeed 
Design Limit 
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Tip Speed, ft/sec 
740 
600 
818 
865 
----- ----- 
AERODYNAMIC TWIST 
(ZERO LIFT ANGLE) 
GEOMETRIC TWIST 
b I I 1 
Figure 2. Rotor Blade Characteristics for XV-15. 
Table 4. Rotor Charccteristics for XV-15. 
Number of blades per rotor 
Diameter, ft 
Disk area per rotor, sq ft 
Biade chord (see Figure 2), in 
Blade characteristics 
Solidity 
Hub precone angle, degree 
", pitch flap coupling, degree 
Flapping design clearance, degree 
Blade Lock number 
- 8 -  
3 
25.0 
49 1 
r 4.0 
See Figrrre 2 
0.089 
2.5 
-15.0 
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DOWN 
2 4 . 8  IN. LATERAL STICK TRAVEL 
- 2 0  
23.8O UP FLAPERON 
4 0  -13.e0 DOWN 
HELICOPTER TO 100 KNOTS 
83 . ~ 
- 20 0 20 4 0  60 80 
UP DOWN 
FLAP POSITION, DEG 
Figure 3 . Flaperon Deflection versus Flap Position. 
In the airplane mode, conventional airplane stick and rudder pedals are 
employed, while the collective stick/power lever continues to be uszd for power 
management. An H-tail configuratior! (two vertical stabilizers) has been selected to 
provide improved airplane directional stability ar ~ u n d  a zero yaw angle. Control 
authority for the power lever, blade pitch governor, cyclic, differential cyclic, 
differential collective, and fiap/flaperon relationship are phased with mast angle by 
mechanical mixing linkages. 
2.2 ANTICIPATED PROBLEMS DUE TO AERODYNAMIC INTERFERENCE 
The ti1 ting proprotor i s  a VTOL aircraft with laterally displaced t i l t ing 
rotors at the tips of jmal l wings, and a conventional tailplanc mounted at the rear of 
the fuselage for stability and control in translrtional flight (see Figure 1). The mutual 
interference of the rotor, wings, fuselage, and tail i s  l ikely to have important effects 
on the stability and control characteristics of this aircraft, including the longitudinal 
trim during transition and conversion, and the lateral trim in a sides1 ip or crosswind. 
In a previous aircraft of  this type, the Bell XV-3, a nosedown pitching 
tendency was caused by the rotor wake inboard tip vortices passing near the horizontal 
stabilizer. A t  low airspeeds, the tip vortices passed below the horizontal stabilizer and 
induced an increase in  the angle of attack. The resulting l i f t  required a small aft 
stick displacement which reduced the stick displacement gradient in  the forward speed 
range from hove: to 40 knots. 
Tilt rotor wake effects on the wing and horizontal stabilizer have been rnea- 
sured during a recent one-tenth scale powered-model wind-tunnel test (Reference 1 1). 
From this test i t  was possible to establish these effects during low-speed transition and 
conversion flight. Wind-turinel data showing the percent wing l i f t  as a function of 
a~rspead and mast angle are given i n  Figt~re 4. Comparison with rotors-off tests indi- 
cated that above 40 knots, wing l i f t  i s  not intluerrced by the rotor wake. 
The ti1 t rotor wake effects on the horizontal stabilizer were determined 
from the data summarized in Figure 5. As shown, an upwash exists during low-speed 
flight. This was found to have a considerable effect on longitudinal trim. 
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Figure 4. Rotor/Airframe Interference in Forward Flight (Reference 1 1 ). 
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Figure 5. Rotor~or izonta l  Stabilizer Wake Effects in 
Forward Flight (Reference 1 1 ). 
SECTION 3 
STATE OF THE ART 
3.1 WI NG-BODY AERODYNAM IC INTERFERENCE 
The classical approach for evaluating the aerodynamic pressure on interfering 
wings and tails i s  the l i f t ing surface method (References 13 and 14). Calculations have 
been normally limited to wings or other l i f t ing surfaces separately, except for a limited 
number of cases in which the vehicle could be considered as a slender body. However, 
interaction of the flowfieldj: of wings and the fuselage results in interference effects 
(9eference 15) v ' ich connot be adequately accounted for when examining the l i f t ing 
surface ano' the body separately. The advent of modern high-speed computers has 
prompted the development of a series of new methods, generally called f inite element 
methc Is. rhese methods offer both f lexibil i ty and efficiency and can be applied to 
complex configurations. A l l  the methods are based on potential aerodynamics and 
consider various distributions of sources, doublets, vortices, pressure panels, etc., 
on and/or inside the surface of the aircraft. 
An early work on the flow field around three-dimensional bodies (Reference 
16) uses constan:. strength sobrce-elements to solve the problem of steady subsonic flow 
around nonlifting Ladies. T S i j  method has been extended to lifting bodies (References 
17 through 19) by including doublet and vortex ~anels. Woodward's method (Reference 
20) i s  a different approach which uses l i f t ing surface elements for the representatim of 
the body. For oscillatory subsonic aerodynamics, extensions of the doublet-lattice 
method (Reference 21) are obtained b j  ?i ther placing unsteady l i f t ing surface elements on 
the surfoce of the body or by using thr method of images combined with slender body 
theory (Reference 22). In the supersonic . urge, complex configurations are analyzed i n  
References 20, 23 and 24. Recently, Woodward's method (Reference 20) has becn 
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extended to provide o unified method for both subsonic and supersonic steady flow 
(Reference 25). In the wing-body-tail interference methods mentioned above, none 
i s  sufficiently general to analyze the interference of complex aircraft configurations 
in the presence of a rotor, since there exists no frame of reference with respect to 
which al l  the surfaces (body and rotor) are fixed. 
A general method for steady and unsteady subsnnic and supersonic aero- 
dynamics ar~und complex configurations (where the surface i s  allowed to move with 
respect to the frame of reference) has recently been developed by Dr. Luigi Morino. 
Morino's technique (References 26 and 27) i s  based upon the Green function method 
for the equation of the aerodynamic potential. The potential i s  expressed in terms of 
source distributions with known intensity (obtained from the b o u ~  iary conaitions) and 
doublet distributions with intensity equal to the unknown value of the pote:~tial on 
the surface. The integral equation i s  obtained by imposing the continuity of the 
potential along the normal to the surface; i t  may be noted that the boundary conditions 
are automatically satisfied. The application of Morino's method to finite-hickness 
wings i s  given in Reference 28, and the general theory for subsonic flow i s  reviewed 
in Reference 29. This method i s  readily applied to supersonic flow and i s  the only 
known method for analyzing unsteady supersonic flow around non-zero thickness con- 
figurations (Reference 3C). 
3.2 TILT ROTOR AIRCRAFT AERODYNAMIC INTERFERENCE 
There i s  relatively l itt le information available on aerody2amic interference 
effects in t i l t  rotor aircraft. References 31 , 32, and 33 describe the results of tests of a 
powered wind tunnel model. Aerodynamic interference in forward flight was investigated 
by the observation of flow in the vicinity of the wing and empewage and the measurement 
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of the effect of interference on the empennage. Smoke injected upstream of the left- 
hand rotor showed the nature of the rotor-wing aerodynamic interference. Tests of a 
1/I0-scale model had previwsly shown that the wing download in hover changes to an 
upload in forward flight. The wing begins to contribute l i f t  at cn airspeed of 35 knots, 
whereus linearized wake theory would predict the wing to be immersed in the roi.,, 
wake at that low an airspeed. Obserw tion of the flow showed that at speeds as iow 
as 2C knob the rotor induced a strong upwash a t  the wing leading edge and that the 
rotor wake was completely off the wing at speeds over 30 kh:ots. The nonuniform 
induced velocity of the rotor appears responsible for the wake moving off the wing at 
low airspeeds. 
As a result of the powered model tests, the following were determined: 
e Rotor wake interaction on the wing i s  nonlinear, varying from 
downwash on the outboard panels under the rotor to upwash on 
the inboard panels. 
e Rotor wake dn the horizontal stabilizer varies from an upwash 
during low-speed helicopter flight to a downwash during high- 
speed flight. 
The dynamic pressure at the empennage increases significantly 
during b-speed flight to nearly double that of free stream. 
0 The rotor wake across the horizontal stabilizer i s  nonlinear with 
sideslip and causes a pitch up with sideslip. 
Directional stability i s  influenced by the rotor wake intermtion or, 
the vertical stabilizer. 
The flow patterns in the vicinity of the empennage were studied with the 
aid of smoke and photographs of a tufted grid. At  30 and 40 knots, the flow patterns 
became distinct and showed that the rolled-up rotor wake vortices were located 
directly above the horizontal stabilizer. At  these speeds, the rotor wake has the 
characteristics of the wake of a low aspect ratio wing, with the net effect of an 
upload at the horizontal stabilizer. 
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The tufted grid was not used at airspeeds higher tllan 40 knots. Smoke 
patterns at  higher speeds showed that the rotor vortices moved downward ond outward 
as speed increased. A net upwash over the span of the horizontal stabilizer was visible 
at  airspeeds between 60 and 100 knots. 
When the model was yawed at low speeds, the vortex cores shifted laterally 
with respect to the fuselage centerline. This shift has two effects on the empennage: 
(1) i t  reduces t5e strength of the rotor-wake-induced l i f t  on the horizontal stabilizer, 
reducing the upload and producing a nose-up pitching moment; and (2) for yaw angles 
between 0 and 12 degrees, i t  reduces directional stability, due to the vortices moving 
laterally with respect to the vertical fins. At yaw angles greater than 12 degrees, the 
rotor wake increased the effectiveness of the vertical fins and thereby increased the 
directional stat i l i ty  over that of the basic airframe. 
The inteiference between the rotor wake and the empennage was extracted 
from test data under the assumption that the aerodynamic interference i s  superimposed 
on the aerodynamic characteristics of the basic airframe. The downwash at :he hori- 
zontal stabilizer was assl~fi~ed to be caused by the wing and the rotors, with each acting 
separately, and with the total downwash being the sum of the respective downwashes. 
I t  i s  recognized that representing the effect of the rotor wake on the horizontal stabilizer 
in terms of a net upwash or downwash i s  a gross simplification, but this approach makes 
the tractable for application to the simulation. Representing the actual flow 
field in the vicinity of the empennage with a rigorogs mathematical model i s  not 
presently feasible. Additional dcta on pressure distribu'i~ons, local flow velocities, 
etc., would be required for the development of a morc rigorous model. 
Sideslip was found to reduce the magnitude of the upwash at  the horizontal 
stabilizer . The downwash velocity was determined by assuming the total dynamic 
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pressure ratio to be equal to its value at  zero ~ideslip. The reduction in upwash 
velocity causes a nose-up pitching moment when the aircraft I s  sideslipped. 
The effect of rotor wake-airframe-ground aerodynamic interference on XV-15 
handl ing qualities was also evaluated by observing model flying charcc teristics duriog 
semi-fre'eflig ht tests and from pilot comments during real time, pilot-in-the-loop, flight 
simulation. 
In the w i ~ d  tunnel semi-freeflight tests, the model could be trimmed at the 
lowest ,peed achievable in the tunnel (approximately 16 knot: full scale). In the 16 to 
35 knots mnge, control was difficult but manageable. Above 35 knots, the model became 
vw:, easy to trim and control, and above 50 knots the model would maintain a trimmed 
ccndition "hands off.:: The model was also flown in sideward and rearwurd flight at  
speeds up to 35 knots. In both cases, roll control was difficuit but manageable while 
pitch and yaw control were fairly easy (even in rearward flight). The model was 
noticeably more stcble i n  descents, including autorotation, than in level flight and 
climbs. A brief investigation of controllability at nacelle incidence angles OF 600 
and 30' showed the model to be easy to control about a l l  axes. 
Real time, pil3t-in-the-loop simulation was conducted on the NASA-Ames 
Fi ight Simulator for Advanced Aircrait. The marhematical -model included h e  static 
instability in roll in hover, the effect of Induced Ground Effect (1GE)operation on rotor 
performance, the wing download variation with airspeed, and the effect of the r o t ~ i . ' ~  
wakes on the horizontal stabilizer and fin. 
Although the effects of the interference were not evaluated directly, their 
influence was noted during the evaluation. Observed effects included: 
e Increased workload to control roll when operating IGE. This effect 
of the static instubility in roll was most apparent when taking off or 
landing. 
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0 Stick position reversal, directional instabili , and pitch coupling 7 with sideslip during hansition from hover to orward flight. 
Nose down pitching when increasing collective pitch at speeds 
between 20 and 60 knots. 
A l l  of these characteristics were similar to those obsetved in the scale model semi- 
freeflight tesis. 
Reference 34 describes aerodynamic interference effects during low-speed 
flight close to the ground. Both flying qualities data and flow visualization results are 
presented and their implication for the design of t i l t  rotor aircraft i s  described. 
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SECTION 4 
APPROACH TO THE PROBLEM 
Determination of the interference effects of the proprotor wake on the aircraft 
stability characteristics requires an appropriate model of the wake i n  order to analyze 
the changes i n  aerodynamic force included on the control surfaces by the wake. Model- 
ing of proprotor wakes i s  based on the vortex theory of propellers developed by Goldstein 
(Reference 35). The vortex theory i s  a diff icult boundary value problem: given a heli- 
coidal vortex sheet, find the vorticity distribution which causes the sheet to translate 
along its axis without distortion. The shape o f  the vortex wake i s  not known in advance. 
.Moreover, the stretching of the pitch of the helix has as much influence on the ifiduced 
flow as dces the strength of the vorticity. The determination of the distortion o f  a vortex 
system, given the strength at the trailing edge of the blade, i s  a formidable task (References 
36, 37, and 38). Moreover, the vortex strength depenas upon the blade loading, which 
i s  also unknown. This ~ rob lem was treated in Reference 36; however, the computer 
program developed there was too slow for practical purposes. The approach taken i n  
I 
Reference 38 was to proceed from on assumed vortex wake geometry, including contrac- 
tion and acceleration effects. 
4.1 PROGRAM SUSSA ACTS 
The approach of Reference 38 i s  used in  conjunction with the aerodynamic 
potential analysis technique de~elclped by Morino (see Subsection 3.1). The technique 
i s  implemented i n  a computer program SUSSA ACTS (Steady and Unsteady Subsonic and 
Supersonic Aerodynamics for Aerospace Complex Transportation Systems), discussed in 
more detail i n  Appendix A. In this code the motion of the surface with respect to 
the frame of reference i s  assumed to consist of small oscillations with an arbitrary 
variation in  time. The surface of the aircrcft and its wake are divided into 
small quadrilateral elements which ore approximated by a hyperboloidal surface defined 
by four corner points. In this process, the continuity of the surface i s  maintained, 
although discontinuities in the slopes are introduced. The unknown i s  assumed to be 
constant within each element and, therefore, the integral equation reduces to a system 
of linear algebraic equations. The problems best suited to the progrclm are steady and 
oscillatory subsonic and supersonic (linearized, attached, potential) flows around 
simple (such as simple wings) and complex configurations (such as combinations of wing, 
fuselage, tail, and control surfaces). I t  should be noted, however, that the general 
formulation inclcrdes fully unsteady flow. Therefore, the problem of interference of 
the aircraft (wing-fuselage-tail) with the rotor i s  a particular case of the general 
formulation presented in Reference 26. 
4.2 MODIFICATIONS TO PROGRAM SUSSA ACTS 
In order to be applicable to the aircraft-rotor interference, Program SUSSA 
ACTS requires modification in order to allow for the motion of the surface of the rotor, 
the t i l t  rotor aircraft geometry, and the wake geometry of the rotor. The approximate 
nature of the study on interference allows simplifying assumptions to be used for the 
aerodynamic analysis. I t  i s  assumed, therefore, that the number of blades in the rotor 
approaches infinity, yielding an actuator disk (see Subsection 6.1). For that case, the 
aer~dynamic phenomena become steady, which simplifies the aerodyrlamic calculations. 
The modifications made to SUSSA ACTS are discussed briefly in the following sections. 
4.2.1 ACTUATOR DISK 
The present Program SUSSA ACTS does not automate the geometry of the 
tilting proprotor aircraft rotor assembly. Hence, a preprocessor, based on data provided, 
must be developed, Because of the nature of the present study, only the rotor wi l l  be 
considered, and this i s  replaced by an actuator disk. The actuator disk i s  approximated 
with a thin ellipsoidal configuration. A standard f inite element breakup i s  used to 
divide this surface into smctll quadri!ateral aerodynamic panels. The preprocessor de- 
fines the nodal numbering and its location in the reference cartesian coordinate 
sys tem . 
On the actuator disk, the boundary condition (downwash) must be generated. 
The downwash Y on the actuator disk i s  related to the rotor blade downwash by 
where 
CY = ar,gle of attack of the blade 
- 
B = normal to the blade 
- 
II = angular velocity o f  the rotor 
Uco = free stream velocity 
CT  = rotor thrust coefficient 
R = rotor radius 
In obtaining this inflow, the components of th,: perturbation velocity tangent to the 
disk are assumed small. Details of this formulation are presented i n  Subsection 6.2. 
4.2.2 TILT ROTOR AIRCRAFT PREPROCESSOR 
The original preprocessor of SUSSA ACTS was designed for conventional 
wing-body-tail configurations. The wing was assumed to be located a t  mid fuselage, 
and the profile of the fuselage was assumed to be circular. In  addition, the empennage 
was limited to only one vertical tail. Consequently, the-geometry of the nose, fuse- 
lage, and empennage was modified appropriately to model the t i l t  rotor aircraft. 
These modifications affect the final nodal breakup of the t i l t  rotor aircraft. 
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4.2.3 ROTOR/AIRCRAFT WAKE GEOMETRY 
The surface of the wake emanating from the trailing e d ~ e  of the wing and tail 
i s  assumed to be known. These wakes are treated as straight vortex lines from the 
trailing edges of the wings and ta i l  and parallel to the direction o f  the flow. The Kutta 
condition i s  imposed at the trailing edges. 
The wake of the actuator disk (rotor) i s  composed of infinite vortices emanating 
from the rim of the disk and one additional vortex emanating from the center of the disk. 
The control vortex represents the vortici ty shed by the blade near the blade rooi,. Details 
of the wake geometry of the actuator disk are given in  Section 6. 
Two-Vortex Model (He1 icop ter and Init ial Conversion Modes) 
When the rotor has a small incidence angle with respect to the free stream 
(less than 30°), the wake rapidly rolls up into two concentrated vortices similar to the 
tip vortices of a monoplane wing (References 39 and 40). 
O n  this basis, the wake model chosen for the helicopter mode of t i l t  rotor 
flight consists of two vortices trailed from the ends of the lateral diameter of the rotor 
disk, as shown in Figure 6(a). The strength of the vortices i s  obtained by assuming 
that the rotor behaves as an ell iptical monoplane wing of span 2R (the Glauert hypothesis) 
whose lift, i.e., thrust, T, i s  given by 
where 
p = air density 
\/ = flight velocity 
To = mid lpon value of e l  liptical circulation d is t r ibu i io~ 
y = spanwise coordinate measured from mid-span 
R = rotor radius 
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(a) Wake Geometry 
(b) Resultant Flow Velocity 
Figure 6. Two-Vortex Model. 
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Making the transformation y = R cos 0, dy = -R sin 8 d 8, the thrust becomes 
T = pVToR sin 2  8 de 
Then the strength of the trailing vortices i s  given by the ztrength of t b  mid-span 
circulation, i .e., 
In the far wake the two vortices are assumed to be convected downward at  
one-half the local downwash velocity, due to vortex sheet 1.011-up effects, as suggested 
by the results an page 45 of Reference 39. The resultant flow velocity i s  then given by 
the vector (see Figure b(b)) 
V 1 =  [ t + Z  v coscl ), (v sin a, ) I  R R 
where, from Reference 41, page 185, the induced velocity, v, i s  
and 
V sin aR 
l J =  
n R 
This model i s  asslimed to be valid for the following conditions: 
V = 0 to 130 knots 
C Y ~  
= 60 to 100 degrees 
0 Vortex Cylinder Model (Final Conversion and Cruise Modes) 
When the rotor has a large! incidence angle with respect to the free stream 
(more than f F), the wake tends to assume the shape of a skewed cylinder of vor - 
t ic i ty (Reference 39). 
O n  this basis, the wake model chosen for the final conversion mode of t i l t  
rotor flight consists of a skewed cylindrical surface of vorticity trail& from the edge 
of the rotor disk, as shown in Figure 7. The steady-state vorticity distribution i s  
obtained from the expression derived in Reference 42 for the bound vortex strength ro of 
one rotor blade: 
where 
I?. = rotor rotational speed 
b = number of rotor blades 
Then the vorticity distribution on the surface of the cylinder i s  given by 
where Ax = length o f  vortex cylinder generated during one revolution of the rotor, 
and measured along the axis of the cylinder. 
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(a) Wake Geometry 
(b) Resultant Flow Velocity 
Figure 7. Vortex Cylinder Model. 
Also, i t  i s  noted that 
2rr 
s where V" denotes the mean convection velocity of the far wake and At = - for one 
* R 
rotor r e v o l ~ ~  tion. 
Therefore, Equation (I 1 )  becomes 
The scnvection velocity of the portion of the vortex cylinder i n  the far wake 
i: given by the vector (see Figure 7). 
V" = I (V + 2v cos a&, (2v sin aR) 1 
where v i s  given by Equation (6). 
This model i s  assumed to be valid for the following conditions: 
\/ = !3C I;n;is to V 
max 
aR = 0 to 60 degrees 
SECTION 5 
I NCOMPRESSIBLE POTENTIAL AERODYNAMICS F 9 R  
WING-FUSELAGE-TAIL-ROTOR WAKE INTERFERENCE 
. Q 
1 namics for separclted flows i s  presented. It may be worth noting that for incompressible 
In this section, the general forn~ulation for incompressible potential aerody- 
fluids potential flcws are obtained if the fluid i s  inviscid and the velocity flow field i s  
irrotational at  time t = 0. Accordingly, these hypotheses are invoked here. Since the 
analysis of  rotors was not included in ptevious descriptions of the formulation for SUSSA 
ACTS (References 43 through 47), a new formulation i s  presented here, starting from 
basic principles. 
5.1 INCOMPRESSIBLE INVISCID FLOWS 
* 
Assuming the fluid to be [ I  I inviscid, and [ 2 ]  incompressibie, the motion i s  
governed by the Euler equations 
and the continuity equation (for incompressible fluid) 
- 
where V i s  the velocity vector with respect to a prescribed frame of reference, p i s  
the pressure, p the (constant) density, t the time, whereas 
i s  the del operator. Equations (15) and (16) form a system of four partial differential 
equations for tour unknowns Vx, Vy, VZ, and p . 
t 
"Numbers in brackets indicate new hypotheses introduced in the formulation. 
In order to complete the formulation of the problem, the boundary conditions 
at infinity on the body and on the ,wake must be obtt 4. Here it wi l l  be assumed that 
[3  1 the unperturbed flow consists of uniform translation, say in the x-axis direction. 
Hence, the boundary condition at infinity may be written as 
In particular Urn = 0 for helicopters in hover. 
On the body i t  i s  assumed that (41 the surface of the body i s  impermeable, 
i .e., the normal components of the velocity, 3, of the fluid, and of the velocity, 8' 
of the body coincide on a point, PI on the surface, C of the body: B' 
(Ti - 3 ! n = o (fo, P on x8) e (19) 
where n i s  the normal to C at P .  8 
Next consider the boundary cmdition on the wake for lifting bodies. Here 
i t  i s  assumed that [51 the body has certain separation lines (in particular sharp trailing 
edges) and that the velocity flow field has surfaces of discontinuity (wakes) emanating 
from these separation lines (or trailing edges). Indicating with 1 and 2 the two sides 
of the wake, let In be the outward normal on side 1 and let 
indicate the discontinuity of any functions, f, across the wake surface. (For the classi- 
cal wingwake, 1 and 2 correspond to upper and lower sides, respectively; n i s  the upper 
nonnal and A f  = f - f ). The boundary condition on the wake-surface, CW, upper lower 
i s  that there i s  no pressure discontinuity on a point, P I  on the wake 
Ap = 0 (for P on %) (21 
T h i s  condition can be expressed more conveniently in terms of the velocity 
discontinuity; however, this requires the introduction of the concept of Lamb surfaces. 
These surfaces may be avoided in the case of potential flow and, therefore, the 
bounday condition i s  given here for potential flows only. 
Equations (15), (16), (18), (1 9), and (21) completely define the problem in 
terms o! four partial differential equations for four unknowns Vx, V , VZ and p, with 
Y 
the corresponding boundary conditions. 
5.2 DIFFERENTIAL FORMULATION FOR INCOMPRESSIBLE POTENTIAL FLOWS 
In the  receding section, the flow was assumed to be [ I  1 incompressible, and 
[ 2 ]  inviscid. Next, assume [6] the flow to be init ially irrotational: then the flow re- 
mains irrotational at al l  times and, therefore, there exists a potential function, 9, such that 
0 = i j* - (22) 
In this case, Equation (15) may be integrated to yield Bernoulli's theorem* 
The constant on the right hand side i s  obtained from the conditicns at inf ini i j ,  
Equation (: 8). 
Furthermore, Equation (16) may be rewritten as 
*The x-derivative of Equation (23) yields 
in agreement with the first compc;lent of Equation (15). 
where p2 i s  the Laplacion operator. 
Similaly, Equation (18) i s  equivalent to 
= U,x (for P a t m )  
while Equation (19) may be rewritten as 
Next consider the boundary condition on the wake, Equation (21). Combin- 
ing Equations (21) and (23) yields 
where 
whereas 
i s  the average value of the velocity: this average value may be attributed to the point, 
Pw, on the wake. Equotion (28) may thus be in lqxeted as 
A 4  (Pw) = constant in time 
where P, i s  the physical point of the wake being convected with velocity vA. Note that 
i 
Equation (28) implies that the wake i s  tangent to vA. In particular, in the steady state, 
t 
-; 3 %  t 
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the wake i s  composed of the streamlines of h e  points Pw emanating hom the trailing edges 
or other separation lines. Equation (24) i s  a partial differential equation for * with bouna- 
my conditions given by Equations (25), (26), and (28). Once @ i s  known the velocity i s  
given by Equation (22) while the pressure i s  obtained from Equation (23). I t  may be worth 
noting that the potential aerodynamics formulation considered in th i s  section i s  consider- 
ably s i v l e r  than the formulation based upon physical variables (5 and p) since the former 
I 
gives one linear partial differential equation instead of four nonlinear ones. 
5.3 PERTURBATION POTENTIAL 
In order to use the Green theorem approach, i t  i s  convenient to have hon~o- 
geneous bou~dary conditions at infinity. This can be accomplished by introducing the 
perturbation potential cp, related to the potential Q by 
Then, Equation (24) yields 
while the condition at infinity, Equation (25,, becomes homogeneous 
cp = 0 (for P a t  OD) (34) 
On the other hand, combining Equations (26) and (32), the boundary condi- 
tion on the body i s  now given by 
whereas, on the wake (see Equations (28) and (31)) 
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A cp (PW) = constant in time 
Furthermore, once cp i s  known, the perturbation velocity 
may be evaluated and then the velocity i s  given by 
Accordingly, the Bernoulli theorem may be rewritten as 
I t  may be worth noting that the above equations could be obtained in a 
slightly different way, i .e., by assuming the frame of reference connected with the 
undisturbed air: the velocity of the body in such a frame of reference would be given 
- 
by -U, i + vB, in agreement with Equation (35). 
5.4 GREEN'S FORMULA FOR LAPLACE'S EQUATION 
Consider two arbitrary functions f and g and note that 
2 2 v ( f v g  - s f 9  = f v  9 - g v  f 
According to the Gauss theorem, for any arbitrary vector 6, 
where C surrounds V. and n i s  the inward directed normal (Figure 8). Combining 
I 
Equations (42) and (43) yields 
2 = SURFACE OF BODY 
n = NQRMAL TO SURFACE 
Vi = INTERNAL VOLUME 
Figure 8. Geometry foi Green's Formula for Vi Internal to Z . 
Next  assume that both f and g satisfy the Laplace equation, i .e., 
(in Vi) 
Then Equation (44) yields 
ORIGINAL PAGE IS 
OF POOR Q U A L m  
which i s  the desired Green's formula f w  the Laplace equation. 
Next choose the function g to be the simplest function which satisfies the 
Laplace equation: i f  g i s  only a function of the distance, r, from a specified point, 
P,, then the only such function that satisifes the Laplace equation i s  
where 
Note that P, must be outside the volume, V;; otherwise Equation (45) i s  not satisfied 
at P, . Note also that the value of B does not affect Equation (46) under the condition 
which i s  obtained from Equation (46) with g = 1 . Therefore, the convenient value 
B = 0 i s  used here. For this case the function g represents a source. I t  i s  convenient 
to choose A such that g represents a unit source; that is, a source with flux equal to 
one. This i s  obtained with A = -1/4n, i.e., * 
*For, in this case, the flux through a spherical surface of radius R, i s  given by 
Combining Equations (46) and (50) one obtains the desired Green formula for 
. r 
the Lap lace equation 
5.5 GREEN'S THEOREM FOR IFJCOMPRESSIBLE 
POTEN TI AL AXODYNAMI CS 
In order to obtain the Green theorem for incompressible aerodynamics 
(Laplace's equation for the exterior problem, i . e . ,  for V. outside the surface C ), 
I 0 
., i t  i s  convenient to consider the surface C composed of three branches as indicated 
in Figure 9. Note that the inward normal for Vi i s  outward to t P1 i s  a 0' 
spherical surface of rad' I .  :md center P, , while C2 i s  a spherical surface of 
radius %, and ccnfcr P, . 
A 
Then Equation (51), for f = cp, reduces to 
Note that as the radius r of PI goes to zero 
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Figure 9. Geometry for Green's Theorem for Potential 
Aerodynamics of lncom~ressible Flows. 
whereas, as the radius goes to infinity 
".2 
t under the conditions 
t l t i s  verified a posteriori (Equations (67) and (68)) that these conditions are 
satisfied. 
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Therefora, as e tends to zero and tends to infinity, Equation (52), 
according to Equations (53) and (54), yields 
'% 
Lo 
I t  may be worth noting that i f the polnt P, i s  h i d e  Eo, then there i s  no 
need for tho surface C, and, therefore, in this case Equation (52) ~ i e l d s  imply 
' 0 
Equations (57) and (58) may bz combined by writing 
I ' (P, outside Z,?) E, = E(P,) = l (P, inside ZO) 
Next let TO be identified with the surface surrounding the fuselage, rotor 
and wakes emanating from tho trailing edge of wing, tai l  and rotor blades. Then 
Equation (59) may be rewritten as t 
t ~ o t o  that the wake surfaces &, Z; and dCI are open surfaces. The source inteprolr P on the wake surfaces are identically equal o zero since the vullies of acp/an on the 
opposite sides of these surfaces are equal to z9ro. 
where CB i s  the (closed) surface of the body (wing-fuselage-tail), Z i s  the (closed) R 
surface of the rotor blades, $, i s  the (open) surface of the wing wake, C' i s  the (open) T 
surface of the tai l wake and E' represents the wakes of the rotor tlades. Furthermore R 
(see Equatior? (20)), 
f 
while i~ i s  the normal on the side 1 of the wake. Note that A rp i s  known from Eyvarion (37). I 
In addit'on if P, i s  on C + C then a; shown in Appendix C of Reference 45, B R 
E, = 1/2. Thus Equation ($0) may be rewritten as 
(P, outside LB + C R ) 
E, = E(P,) = (P, or. 2, + C R) 
(P ,  inside C + C ) B R (63) 
Note that on C g  and C aV,On i s  prescribed by the boundary conditions, Equation (35). R' 
r, 
Thus, for P, on C , Equation (59) i s  an integral aquatian relating cp to the   re scribed 
a( /an . This equation i s  used to analyze the potential flow for inteiaction of fuselage 
and rotor. 
5.6 CONDITIONS AT INFINITY 
In this section Equations (55) and (56) are verified. Note that Q2 goes 
to in fh i ty ,  zquation (57) yields 
since the flux through Co i s  equal to zero, i .e. , 
while 
- - 
lim @ rp '." d l  = finite 
r 
Equation (61) implies 
and 
in agreement with Equation (56). 
SECTION 6 
INCOMPKtSSlBLE POTENTIAL AERODYNAMICS FOR COMPLETE 
CONFIGURATION WITH ACTUATOR DlSK 
The formulation presented in the preceding section i s  general and may be ap- 
plied, in particular, to rotors. I t  may be noted, however, that the rotor-fuselage inter- 
action i s  an unsteady pericdic phenomenon. Periodicity i s  obtained when the rotor moves 
through an angle equal to 2 n  divided by the number of blades, b. I f  b goes to infinity, 
the phenomenon becomes steady. Therefore, given the preliminary nature of the present 
analysis, i t  i s  convenient to consider the limit of the rotor fuselage analysis as tht num- 
ber of blades goes to infinity. The model representi~g an infinite-blade rotor i s  called 
an actuator disk, The mcdifications necessary to extend the formulation to include actu- 
ator disks are presented in this section. For simplicity an actuator disk by itself i s  con- 
sidered first. The extension to the complete configuration i s  considered in  Subsectior, 6.3. 
6.1 ACTUATOR DISK 
Consider a rotor composed of b blades. Let b go to infinity, while the chord 
of the blades goes to zero. As tt-,e aspect ratio of each blade goes to infinity, the 
v o ~  ticity shed by each blade i s  more and more concentrated near the root and the tip of 
the blade. In the limit, only tip vortices and one central vortex exists. Therefore, the 
actuator disk may be represented as a series of infinite biades with a wake composed of 
infinite vortices emanating from the kip of the blade and one additional vortex emanat- 
ing from the center of the disk. Thus, the flow field i s  potential outside the surface C 0 
shown in Figure 10. Therefore, Equation (59) i s  applicable in this case, and yields 
4nE4~.  = - 
- (t) - $ (f)] dZ 
.3 
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ACTUATOR DISK, CD 
INFINITE NUMBER OF BLADES 
\ TIP VORTEX 
Figure 10. Surface Co for Actuator Disk Analysis. 
The Surface Surrounds the Actuator Disk, 
the Central Vortex and the Shed Tip 
Vortices. 
where ZD i s  a (closed) surface surrc~nding the blades of  the rotor and representing the 
actuator disk, while Z b  i s  the surface of the disk wake emanating from the circle 
described by the rota-blade tips and 2; i s  a branch surface connecting !he central 
- .  
vortex to 2' I t  may be worth noting that Equation (69) i s  formally equal to D ' 
& 
v Equation (61). Therefore, the method presented in the preceding section i s  applicable 
to actuatw disks as well. The two differences are that acp/an cannot be 9btained from 
the usual boundary conditions on the surface of the body and that A cp on 2' cannot be B 
determined. Th i s  last point i s  examined in Appendix B. The new boundary conditions 
for actuator disk aerodynamics are presented in the next subsection. 
6.2 ACTUATOR DISK BO'JNDARY CONDITIONS 
The boundary condition on t5e rotor blade according to Equation (35) with 
- 
O , = n x ;  (70) 
where i i s  the rmrmal to the blade. On the other hand, the boundary conditions used I3 
on the surface of the actuator disk ore expressed in terms of the normal wash, acp/an D '  
on the surface of the disk (see Figure 11). Therefore, the relationship between av/an B 
- 
and 3rp/dnD i s  necessary and i s  obtained here. Let and s be the directions of the D 
components of the velocity tangential to the surface of the blade and the disk, respec- 
tively. Then 
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Fi%gure 1 1 . Boundary Conditions for the Actuator Disk. CD is  
the Surface Surrounding the Acruaror Disk. 
Note that 
and 
Eliminating a d s B  between Equations (73) and (74) yields 
Next  note that 
where 0 i s  the m g  le between ?jcp and E Therefore Equatioi (75) may be rewritten as D ' 
a cp which i s  the desired relationship between - (necessary for the solution of the problem:, 
 an^ 
and 3 (known from the boundary conditions on the blade, Equation (71). 
 an^ 
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Next  consider a simpler expression for Equation (77): note that usually the 
radial component of Vcp i s  negligible. Then the configuration on a cy!indrical surface 
i s  represented in  Figure 11. In this case 
- - 
sB nD = sin o, 
and Equation (77) reduces to 
- - 
an, cos CY 1 - tan cu tan p anB 
where CY i s  the angle of the blade section for a given angular position.* 
The boundary condition on the actuator disk can be written in  terms of rotor 
parameters. I t  i s  shown in Figure 11 that 
with v denoting the circumferential velocity component. The clored line integral 
C 
of the velocity vector for the actuator disk j4elds an additional relationship (assuming 
Nc to be independent of the circumferential location). 
-- - 
* I t  i s  emphasized that different values of P in  the boundary condition do not affect the 
l i f t  (thrust) on the rotor, although the flow through the disk i s  changed. The l i f t  
(thrust) on the rotor i s  dependent upon the value of AyB, i .e., the discontinuity of 
the branch wake. 
- 48 - 
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where bpB represents the circumferential discontinuity on the branch wake. Combining 
the above two equations yields 
Hence, Equation (79) can be reduced to 
av - 1 A v~ 
=D 
+ - tan cr 
cosa 2nR 
Under the assumptions used in Appendix C, the discontinuity, Arp i s  proportional to B' 
the thrust, T (see Equation C-1 t). 
Therefore, the actuator disk boundary condition becomes 
or (see Equation C-17) 
9 = 1 - -  1 
- - CT*R tuna 
 an^ COS CY  an^ 2 
This i s  the desired expression which relates the boundary condition on the actuator 
disk to the rotor thrust and the downwash on the rotor blades. 
Using classical blade element theory (Reference 41), the thrust coefficient 
(for rotor with large inflow) can be obtained in terms of specific rotor parameters. 
The exact relationship i s  given in  Eqt.~tion (1 08). In obtaining this expression, the 
profile drag i s  neglected, the angle of attack of the blade clement i s  represented by 
its sine, and the pitch of a ' ~ i s t e d  blade i s  approximated by its value at threequarter 
radius. 
6.3 FORMULATION FOR COMPLETE CONFIGURATION 
Consider a surface, C , surrounding the aircraft and its wakes as w e l l  as the 
actuator disk and i ts wake. Outside the surface 2 the flow i s  potential and, therefore, 
Equation (61) may be applied, with the surfaces of the disk C and of its wake, D 
C' replacing the surfaces of the rotor, C and its wake, T' Therefore, Equation (61) D R R *  
may be rewritten as 
The value of E, i s  given by the equivalent of Equation (63),  i.e., 
1 for P, outside Zg + PD 
1/2 for P, on X + T B D 
0 for P, inside YB + P,, 
Note that on ZB, arp/an i s  prescribed by Equation (35), whereas on Z,,, 
a T / h  = ap/3nD i s  given by Equation (79) with arp/ang given by Equation (71). 
Note also, that with the introduction of the steady state approximation accomplished 
through the use of the actuator disk, Equation (37) simplifies considerably to yield 
A cp (Pw) = constant along tksamlines (89) 
In addition, the geometry of the wake may be estimated as illustrated in 
Subsection 4.2.3. Therefore, on Z + C Equation (87) i s  an integral equation B D' 
relating the unknown values of C+Y on the surfaces C and C to the corresponding B D 
value of the known normal derivative acF,/an (normal wash). The numerical solution 
of the integral equation i s  considered in Section 7. 
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SECTION 7 
NUMERICAL FORMULATION 
The ground formulation for incompressible potential aerodynamics was pre- 
sented in Section 5. While the formulation i s  valid for ful ly unsteady aerodynamics, 
cons:dercSle computer time saving i s  obtained by the use of steady-state aerodynamics, 
which i s  achieved by replacing the rotor with an actuator disk (Subsection 6.1). The 
ir,tegral equation For the complete configuration i s  given i n  Subsection 6.3. Thenumeri- 
cal formulation for the solution of the integral eq~at ion  i s  outlined in  this section. 
The surfaces of the aircraft, the actuator disk, and their wakes are divided 
into small quadrilateral elements. Each element i s  replaced by a hyperboloidal surface 
defined by the four corner poirrts of the element. In this process, the continuity of the 
surface i s  maintained. The unknown i s  assumed to be constant within each element and, 
therefore, the integral equation i s  approximated by a system o f  algebraic equations. 
7.1 APPROXIMATE ALGEBRAIC SYSTEM 
The results o f  Section 6 may be summarized by saying that the problem of 
incompressible potential aerodynamics for the complete actuator disk-aircraft configura- 
tion i s  governed by the integral equation obtained by combining Equations (87) and (88) 
on the body surface to obtain 
0 ,  
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In order to obtain an approximate solution for the integral equation, the 
surfaces CB, ED, z;~, E;, and Z' w e  divided into small quadrilateral elemunts, Ek . D 
The values c f  rp and a V / h  are assumed to be constant within each element. The 
collocation method i s  then used, that is, Equation (90) i s  satisfied at the centroids, 
P , of  the element, Z This yields h h '  
where i s  the Kronecker del to, 
I n  addition, whk = O for the elements not i n  contact with the trailing edge, while for 
the elements in  contact with the trailing edge, 
where C; i s  the strip of 
element Zk. The upper 
the wake (bounded by two streamlines) emanating from the 
(lower) sign must be used for the upper (lower) side of the 
. 
wake. (In deriving Equation (91), the value of pTE i s  approximated with the value 
of rp at the centroid of the elements adiacent to the trailing edge. This i s  reasonable 
B in view of the Kutta condition.) Finally, A qBWh with 
i s  the contribukion of the branch wake. Notc that A cp = li cp i s  consta~t on thc B 
branch wake and, therefore, there i s  no need to divide C '  int: smal l elements. Note B 
that A rpB cannot be determined (see Appendix B), but has to be prescribed. Therefore, 
i t  i s  left on the right-hand side of Equation ($21). 
As shown in Appendix B, Equation (91) has the determinant equal to zero; 
to be more precise, one equation i s  a linear construction of the other. Therefore, in 
order to find the solution, one equation i c  diopped and one uaknown i s  set equc.1 to 
zero. Den, Equction (91) can be solved nui2erically to yield the remaining values of 
the unknowns, rpk . In all the results presented here, the pressure i s  obtained from the 
Bernoulli theorem, Equaticn (40). 
7.2 HYPERBOLOIDAL ELEMENT 
The surface elements C are approximated by a hyperbolic paraboloid k 
(hyperboloidal element, Figure 12) 
where p. are obtained in terms of the locatinns of the four corner points as 
I 
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Nole that quadrilateral hyperboloidal elements can be combined to yield a closed sur- 
I: .ace. Using these elanients. the coefficients c and bhk can k 2 evaluated analytical ly. hk 
with [using -n/2 5 tan-' ( ) 5 n/2] 
P 
and (neglecting a;/as and a;/'o~) 
where 
- -  - 
+ r x a  1 n - sinh 
I G2 I 
SECTION 8 
DETERMINATION OF FLIGHT CONDITIONS 
The effects of the aerodynamic interference of the rotor wake and the cIr- 
craft on the stability and control characterisfics of the t i l t  rotor aircraft a r t  expected 
to be important. In particular, the effect on the lonsitudinal trim of the aircraft, 
especially through the transition and conversion modes, may be significant. Ir, ;he 
trim condition, the totul longitudinal forces and moments acting on the aircraft must 
be in equilibrium, that is ,  they must sum to zero. For a given mast angle, flap setting, 
and stabilizer incidence, the aircraft i s  trimmed by appropriate displacement of the 
longitudinal and collective pitch controls. 
Because of the complexity of the forces and rwments on proprotor aircraft, 
an iterative solution i s  usually required, in  ,which the displacements of the controls 
required for trim are first estimated, and then Incremrtitally changed to achieve force 
and moment equilibrium of the aircraft within some acceptabie range, say 5 50 Ib or 
ft-lb from zerc. However, for the purpose of the present study, arb alternate method 
of determining the trim conditions in the presence o f  aerodynamic interference was 
selected. This method was based on incremental changes from a standard case in  
order to est im~te the values of collective pitch and rotor incidence for other flight 
cares of particular interest. The standard case was based Orr wind tunnel data of a t i l t  
rotor aircraft in the trimmed condition. 
Estimutas of collective pitch and rotor incidence under various ccnditions 
of weight, altitude and flight path angle are made through an incremental analysis 
based on this standard case (Subsection 8.2). This involves calculating the increments 
in  vehicle drag and rotor thrust coe;'icien! based on an assumed vehicle drag polar, and 
the rotor blade  mod^'. The rotor blade model- i s  based on the application of classical 
blade element theory to ccmpute the thrust and flapping motion of a rotor with large 
inflow (Subsection 8.1). 
8.1 APPROXIMATE ANALYrlS OF THE THRUST AND FLAPPING 
MOTION OF ROTORS ',fITH LARGE INFLOW 
Applying classical blade element theory to the section of rotor blade shown 
in Figure 13, neglecting the effect of profile drag, and assuming that the angle of 
attack of the blade element can be represented by its sine, and that the pitch of a 
ZERO LIFT LINE 
"T 
Figure 13. Typical Blade Element at Radius, 0.75R. 
twisted blade can be represented by its value at three-quarter rcdius, the rotor thrust 
perpendicular to the tip path plane can be expressed as: 
where 
2- J~~ jR u2 acsin -I$ ] cosmdrd $ 
2 
(1 06) 
2n 0 0 
number of blades 
air density 
resultant air velo=ity - U t U [ : :I "' 
AnR + pnRBocos $ 
f i r  + p n R  sin JI 
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1 
U sin i + v 
1 = iqflow rotio = Q) 
nR 
Urn cos i 
p = advance ratio = 
Q R  
i = rotor incidence angle 
v = rotor iqduced velocity (assumed constant) = C~ - 
rotw thrust coefficient = T 
rotw rotational speed 
rotor radius 
blade coning angle 
radius to blade element 
blade l i f t  curve slope 
biade chord, assumed constant 
blade pitch at threequarter radius 
blade collective pitch at threequarter radius 
blade lateral cyclic pitch 
blade longitudinal cyclic pirch 
blade azimuth angle 
. U 
blade inflow angle = sin-' - P or co; -1 U~ - 
U U 
Expanding and substituting for cos 6 and :in @ , 
b 2n R ] drd( (107) T = - J I f ac [u: sin 80.75 - U ~ U ~ C O S  %.75 
2n 0 0 
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2 Nondimensionalizing tho thrust expression by pnR (C$Q2, and integrating, the thrust 
coefficient i s  obtained: 
where the solidity, o, of CI rotor i s  defined as the ratio of the total blade area to the 
rotor diik area. For rectangular blades, 
Al l  quantities are referred to the tip path plane. 
Applying blade element theory in the same manner as for thrust, and assuming 
negligible spring restraint about the flapping hinge, the equation for equilibrium of a 
sing\e blade about the flapping hinge i s  
where I, = blade moment of inwtia about flawing hinge. 
2 Nondimensionalizing !he flapping expression by I, n , integrating, and oqwting like 
harmonics, the equilibrium blade coning angle and cyclic pitch with respect to the tip 
path plane cre obtuined: 
Po = fin ","*75 2 
F 0 l  3 
(1 + p ) + 2 (cos 00.75 + - i sin eOaIS 
3 4 i 
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8 
- 
-7 P  [tan e, , - a A] 
9 1  - 
s 
- 3  2 4 1 + p  + -j- 1 tan 
In determining the equilibrium of the aircraft as a whole, i t  i s  necessary to 
determine the flapping of the blades with respect to the hub plane. It can be shown by 
an analysis similar to that described above, that the following relationships exist: 
1 
- 
1 
4 - 8 1  = el  
- A tan 8 c 
(1 14) 
CHp 1 +  3 0.75 'HP 
1 2  
1 + 7 r  
" 1  ' 4 1 - " 1  
- A tan 8 3 0.75 'H P s 1 +  C) CI 
and a l l  other quantities are referred to the tip path plane. 
where 
1 = blade lateral flapping angle with respect to hub plane 
'H P 
1 = blade lateral cyclic pitch angle with respect to hub plane 
'H P 
1 = blade longitudinal flapping angle with respect to hub plane 
'H P 
e = blade longitudinal cyclic pitch angle with respect to 
I s  H P hub plane 
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8.2 SELECTION OF FLIGHT CASES FOR ANALYSIS 
INCLUDING ESTIMATED VALUES OF COLLECTIVE 
PITCH AND ROTOR INCIDENCE FOR TRIM 
In studying aerodynamic interference effects on t i l t  rotor aircraft, i t  i s  first 
necessary to establish trim condi+ions for the vwious flight cases of interest. Parameters 
to bc; varied are gross weight, altitude, climb angle, and center-of-gravity position. 
During flight, a typical proprotor aircraft has three dist;;.ctly different modes 
of operation: 
Helicopter mode. 
a Conversion mode. 
Cruise mod?. 
Each of these modes reqcries a different configuration of the aircraft, i.e., a different 
range of mast angles for the rotors. O f  particular interest i s  the conversion mode, 
since the most si5;-li ficant interference between the rotor waLes and the horizontal 
tailplane occurs during this mode. 
A typical flight profile for a typical t i l t  rotor aircraft, the ~AsA/Army/ 
Be1 l XV-15, i s  shown in Figure 19 of Reference 48 for the standard case of 13,000 Ib 
gross weight, trimmed level fiight at sea level, and aft center of gravity. Figures 14, 
IS, 16, and 17 show the variation of rotor speed, rotor attitude, rotor thrust coeffi- 
cient, cnd biade collective pitch with forward speed for this standard case as given in 
:he reference. Note that rotor incidence i s  related to rotor attitude by the relation 
r HELICOPTER CONVERSION 4 CRlriSE - 
ALL W, h ,  Y 
TRUE AIRSPEED, KNOTS 
Figure 14. Rotor rpm versus Airspeed. 
,7,::10N "' CRUISE-+ HELICOPTER 
' W =  13000 
* 80 k = n  .. - v 
FOR Y =&lo0  
a 601- \ \ I 
NON-EQUIULRIUM 
FLIGHT 
"8 4 0  8 0  . 120 160 2 0 0  
TRUE AIRSPEED, KNOTS 
Figure 15. Rotor Attitude versus Airspeed. 
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Figure 17. Rotor Collective Pitch versus Airspeed. 
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Figure 16. Rotor Thi-ust Coefficient versus Airspeed. 
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I t  i s  desired to estimate the values of collec+l.~e pitch and rotor incidence for 
other flight cases of par+'cular interest in  the study of aerodynamic interference effects. 
This can be done on an incremental basis with respect to  the standard case. 
Consider the effect of varying gross weight, altitude, and climb angle on 
rotor attitude and collective pitch: 
0 Gross Weight 
During conversion in the standard flight case, i t  i s  assumed that the aircraft 
i s  operated near its maximum lift-drag ratio and with a lift coefficient near unity. These 
conditions imply a drag polar of the form 
NOW consider the change of drag coefficient resulting from the change of l ift required hy a 
change i t?  gross weight: 
I t  i s  seen that for original l i f t  coefficients close to unity, the percent change in drag 
coefficient i s  nearly equal to the percent change in l i f t  coefficient. Therefore, to 
maintain equilibrium along the flight path, only a change in thrust, i.e., collective 
pitch, i s  required. N o  change in rotor attitude i s  necessary. 
The required change in thrust coefficient i s  
Altitude 
Consider the change of drag coefficient resulting from the change of l i f t  
coefficient required by a change in altitude, i .e., air density. As for changes in  
gross weight, the percent change in drag i s  nearly equal to the percent change in l i f t .  
Therefore, only a change in thrust, i.e., collective pitch, i s  required: 
Climb Angle 
During climb or descent at angle y to the horizontal, there I s  an incre- 
mental drag force given by 
A D  = W s i n y  (1 23) 
where 
W = aircraft gross weight 
y = angle of climb (+) or descent (-) 
Since there i s  only a negligible change in l i f t  required during clin,b, a change in rotor 
attitude i s  required to maintain equilibrium along the flight path. In addition, a change 
in thrust, i.e., collective pitch, i s  required. 
Consider the requirements for equilibrium along the flight path. The incre- 
4 
mental component of thrust coefficient along the flight path i s  given by 
The corresponding incremental component of thrust coefficient perpendicular to the flight 
path i s  given by 
A CZ = (CT + C. CT) sin (aR - A cyR) - CT sin a R (1 25) 
Since the change in CZ i s  negligible, set A C Z  = 0: 
CT sin aR 
.'. CT + A CT = 
sin (aR - A aR) 
sin aR 
bC, = C, r - - 1 1 
Substituting into the expression for A CX: 
sin ctR 
.*. tan (a - AaR) = R L TX 
- + COS CY 
C~ 
R 
where 
- ACx - L'd sin y 
p n  R~ (0 R)' 
Equation (129) can be solved for (aR - AaR) and then Equation (126) yields ACT. 
The change in collective pitch AOOa75 required by a change in thrust coeffi- 
cient A C can be obtained from the thrust expression (Eauation (1 08)). T 
A 
- - cos 0 
2 0.75 
b t t i n g  CT = CT + ACT ami 
= Q 0 . 7 5  + A80.75' and assuming smail A0 0.75' 
the incremental thrus; cwtf ic ient i s  
sin 0 
+ I u a A ~ e ~ , ~ ~  - - A A  cos 80.75 f 1  32) 2 4 
and the required relation bstween A C 
and A 80.75 T i s  obtained. 
Equatior,~ (121), (122), (127), and (129) were applied to the calculation of 
the required thrust coefficients nd rotor attitudes in  the following equilibrium flignt 
conditions: 
W = 10,000, 13,000and15,000Ib,~=~' ,h = O f t  
W = 13 ,0001b ,y=0° ,h=  10,000ft 
W = 13,000 Ib, y = klOO, h = 0 
i The results ore shown in Fi'gure 15 and 16. 
Equation (139) was used to calculate the required values of collective pitch 
for the various flight ccnditior,s. Results were shown in Figure 17 and in Table 5 below: 
Table 5. Trim Values of Rotor Attitude and Ccrllective Pitch. 
SECTION 9 
RESULTS 
The formulation presented i n  kct ions 6 and 7 was irxorporated into a 
colrrputer program to investigclte the aerodynamic effects of t i l t  rotor aircraft, In partic- 
ular, tne problem ot the rotor wake inte-action effects far the XV-15 aircraft at various 
flight corditions was 5tudied. Typical numerical results, showing the feasibility of the 
present metbod, art- discussed in this sectior.. 
The geometry of the t i l t  -&or aircraft used i s  shown in Figure 18. Due 
to the preliminary ncture of this study, the aerodynamic ittterference effects on the 
horizontal tail are assumc J +r, be cuused principully by the rotor wake, with nacelle 
aerodynamics conFribvtions being c f  a secondory nature. Therefore, the geometry of 
the engine nacelles bas been omitted as seen in Figure 18. Moreover, an infinite- 
b!ac'? rotor, i.e., c c t u a : ~  disk, i s  used. 
To j t ~ a y  rhe convergence of the numerical method, the case of the t i l t -  
rotor aircraft withcur %e aerodynamic interference effects on it, . tail wcs investigated. 
Specific .I ly, wi:.g-tail configl~ration and an actuator disk were treated separately and 
t5c? combined for analvsis at the hover cmdirion. Also, the problem with intxference 
effects was demonstrated for one flight zondition in  the conversidn mode. 
9.1 CASE Wl"i NC INTERFERENCE 
Convzrgence studiec v.ere cor~duct~d to identify ,,ie approximate number of 
aerody~amic elemants required. In addition, ths overall vehic:,: l i f t  and pitching 
moxent coefficients were obtained. 
The results of a convergence study on a w,l~g-tail configuration at m ungle 
ot c'tock of 4.5' and airspeed of 80 knots without rotors are ~ i v e n  in Figures ! 9 ,  20, 
ACTUATOR DlSK 
TAIL 
ACTUATOR DlSK 
Figure 18. Geometry of a Ti l l  Rotor Aircraft. 
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and 2 1 . Since only longitudinal siabil i ty was considered, aircraft symmetry between 
the left and right sides was used. Hence, the number of elements chosen for the right- 
hand side of the aircragt was: 
i I v 
1 Description I Number of Elements I 
The variation of the potential difference A cp on the wing and tail sections of the t i l t ing 
proprotor research aircraft at the root chord section (2t*/b = 0) and the trailing edge 
(x/c = 1 ) i s  presented in  Figure 19. In addition, the corresponding upper and lower 
pressure distributions as well as the l i f t  distributions along the wing and tail root chords 
are shown in Figures 20 and 21, respectively. Because of the effect of the wing wake on 
the horizontal tai l  when the wing crnd tail are newly coplanar, the pressure and the l i f t  
on the tail converged ;lowly. For this wing-tail configuration, 196 finite elements 
were determined to be sufficient for convergence. 
A convergence study was also performed for a single actuator d:sk. Results 
fcr 70, 96, and 126 elements indicated that convergence was achieved for the actuator 
disk model with 70 elements. To avoid possible inaccuracies In tl-e total t i l t  rotor air- 
craft problem, 96 elements were chosen for the actinator disk representation. 
Results for the total vehicle problem, i.e., the wing-tail configuration with 
actuator d i b  rcodels, are presented in  Figures 22, 23, and 24. For the purpose of this 
swdy, the fuselage was assumed to contribute insignificantly to the aircraft l i f t  and 
pitching moment and, therefore, i t  can be neglected. Similarly, the contributian of the 
vertical tai l  to the Inngitudinal dynamics can also be neglected. To preclude interference 
eftects on the horizontal tail, the case of the aircraft at hover condition, that is, with 
the nacelk incidence at 90°, was considered. The number of aerodynamic elements 
used in the study i s  summarized as follo\vs: 
Number of Elements 
T'ne potential difference, A cp, and pressures on the upper and lower surfaces of the wing 
and tail are given in Figures 22 and 23. Again, the results show that the convergence 
of the pressure distribution on the tail section i s  slow and th i s  i s  due to the presence of 
the wing wake on the tail. In addition, the corresponding l i f t  distribution on the wing 
and tail i s  presented in Figure 24. 
9.1.2 LIFT AND PITCHING MOMENT 
Comparison of the l i f t  distributions in Figures 21 and 24 shows that the 
presence of the rotor produces an increase in the wing l i f t  and a decrease in the tail 
l i f t  distribution. The wing-tail configuration without proprotor at cn angle of attack of 
4.5O and airspeed of 80 knots was found to yield very l itt le l i f t  as shcw~ in Figure 25(a). 
Also, a negative pitching moment (nose down) was obtained for this configuration 
(Figure 25(b)). In evaluating the pitching mment about the aircraft center-of-gmvity 
position, some basic assumptions were used whZch affect the accuracy of the results. 
The thrust vector was assumed to act through the center of gravity. In addition, only the 
l i f t  and induced drag on the wing and tail were used to determine the value of the pitch- 
ing moment; that is, viscous drag (drag due to skin friction) was not included in the 
analysis. This value can be obtained from wind tunnel tests of a tilting proprotor re- 
search aircraft, ~ n d  must be included i f  true trim conditions are to be calculaked. 
The l i f t  coefficient for an actuator disk in hover with angular speed of 
600 rpm i s  shown in  Figure 26. The case of an actuator disk with no central core 
vortex , i .e., Arp = 0, i s  indicated by the square symbols. This represents the presence 
of the v ~ t i c i t y  shed by the rotor blades near the tip of each blade, that is, the rim 
wake of an actuator disk. As expected from discussion in  Section 6, the results show 
that no l i f t  was obtained. In order to produce l ift on the actuator disk, the formulation 
must include a central vortex, i .e. , ArpB # 0, and this i s  treated in Subsection 6.1. For 
t h i s  case, the vorticity shed by each blade near the blade root as well as the tip was 
considered. T 3  be exact, the wake i s  composed of infinite vortices emanating ;rom the 
tip of the blade and one adaitional vortex emanating from the center of the disk. The 
results for t h i s  case are denoted by circles in  Figure 26. Furthermore, no pifching 
moments about the actua:or disk were obtained for the hover case. 
Next, the problem of the wing-tail-rotor confisuration with nacelle incidence 
at 90' was treated. The total l i f t  and pitching moment orwnd h e  aircraft center oT 
gravity ore presented in  Figure 27. For t h i s  flight configuration, the presence of the 
additional central vortex on the actuator disk yielded greater l i f t  and larger nose-down 
pitching moment on the tilting proprotor aircraft. Again, i t  i!. emphasized that the 
viscas drag of tlie aircraft was not used io the computation. 
9.2 INTERrERENCE EFFECTS 
A study of the interference effects was canducted for the ti1 t rotor aircraft 
i n  the conversion mode of flight with nacelle incidence set a i  60°, airspeed of 100 
knots, rotor angu!ar speed of 565 rpm, and a tail incidence of -1 .b0. For t h i s  
flight condition, the horizontal hi1 was imbedded in the rotor wake. The variation 
with angle of attack of the total vertical forcss on the aircraft i s  given in Figure 
28(a). Vertical eqelilibrium i s  achieved when the sum of the vertical forces i s  zero. 
For this configuration, vertical equilibrium was obtained with an angle of attack setting 
at 2.3'. In addition, the analysis of this same problem without the implementation o f  
the additional central vortex on the actuator disk ?ielded the required angle of attack 
setting to be about 2'. 
The effect of rotor woke interference on the ti l t ing proprotor aircraft at this 
flight configuration i s  presented i n  Figures 28(b) and (c). rhese results are for the 
aircraft i n  the untrimmed condition and represent the change in the l i f t  and pitching 
moments o f  the aircraft with interference effects relative to the aircraft with no rotor 
wake interference effects. As seen in Figure 28(b), the total aircraft l i f t  coefficient 
was significantly decreased by the presence of interferencz effects. The reduction in 
l i f t  was less for the actuator disk with a central core vortex (C = .00&4). The rotal T 
aircraft pitching moment in the nose down direction was significantly increased by the 
interference effects (Figure 28(c)). As seen in the figure, the addition of the cenkal 
vortex on the actuator disk yielded a small difference in the overall pitching moment 
for this flight condition. 
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Figure 19. Potential Difference, A cp, Wing-Tail Combination, 
N o  Rotor, Airspeea = 80 kr, a = 4.50. 
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Figure 19. Pokntial Difference, A rp, Wing-Tail Combinntion, 
N o  Rotor, Airspeed = 80 kt, or = 4.5'. (Concluded) 
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Figure 20. Pressure Distribution, Wing-Tail Combination, 
N o  Rotor, Airsjjeed = 80 kt, ct = 4.50, 
Chordwise Direction, Koot Chorc . 
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Figure 20. Pressure Distribution, Wing-Tail Combination, 
N o  Rotor, Airspeed = 80 kt, a, = 4.5O, 
Chordwise Dir,ection, Root Chord. (Concll~ded) 
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Figure 21. Lift Distribution, Wing-Tail Combination, N o  Rotor, 
Airspeed = 80 kt, cu = 4.50, Chordwise Direction, 
Root Chord . 
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Figure 22. Potential Difference, A cp, Wing-Tai[ -Rotor Configuration, 
Airspeed = 80 kt, a, 4.5O, Nacelle Incidence = 90°, 
Angular Spevd = 565 rprn. 
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Airspeed = 80 kt,  CY = 4.50, N x e l l e  InTidenr.e = 90G, 
Angular Speed = 56.5 rpm. (Concluded) 
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Figure 23. Pressure Distribution, W irg-Tail -Rotor Configuration, Arrspeed = 80 kt,  
cr =4,5o, Nacelle Icridence = 9'30, Angular Speed :565 rpm, 
Chordwise Direction, Root Chord. 
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Figure 23. Pressure Distribution, Wing-Tail-Rotor Configuration, Airspeed = 80 kt, 
a = 4.5', Nacelle Incidence = 900, Angular beed  = 565 rpm, 
Chordwise Direction, Root Chord. (Conclude 
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Figure 24. 'iff D;sr;bution , ~;n~-Taii-Rotor Qnfigurdion, Airpeed = kt, 
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Figure 25. Aerodynamic Coefficients as Function of Number of 
Elements, Wing-Tail Combination, N o  Rotor, 
Airspeed = 80 kt, a = 4.5O. 
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Figure 3.6. Lift Coefficient on Actuator Disk as Function of 
Number of Elements, Angular Speed = 600 rpm, 
Mast Angle = 90°. 
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Figure 27. Aerodynamic Coefficients as Function of Number of Elements, 
Wing-Tail -Rotor Configuration, Airspeed = 80 kt, cr = 4.5O, 
Nacelle Incidence = 90°, Angular Speed = 565 rpm. 
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Figure 28. l nterference Effects for Conversion Mode, W ing-Tail -Rotor 
Configuratiol~, Airspeed = 100 kt, Tail Incidence = -?.5O, 
Nacelle Incidence = 60°, Angular Speed = 565 rpm. 
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SECTION 10 
CONCLUSIONS AND RECOMMENDATIONS 
The theoretical methodology and corresponding numerical pr0cedur.o for the 
evaluation of rotor-aircraft aerodynamics have been formulated. Results were obtained 
for a wing-body-rotor configuration of the XV-15 tilting proprotor aircraft at various 
flight conditions and they are presented in Sectior, 9. Concluding remarks on the present 
study are summarized in Subsection 10.1. Based on the results obtained, the areas 
recommended for future research are identified in Subsection 10.2. 
10.1 CONCLUSIONS 
The purpose of this investigation was to demonstrate the feasibility and flexi- 
bil i ty of a computer method to study the rotor-aircraft aerodynamics with special atten- 
tion given to the rotor wake interference effects on tilting proprotor research aircraft. 
Due to the p r e l i m i ~ ~ ~ r y  nature of the study, the geometry of the fuselage, engine nacelles, 
and vertical stabilizers were not included in the analysis. Furthermore, the presence 
of the viscous drag on the aircraft was not included in the pitching moment calcula- 
tion. 
The numerical technique used in this investigation indicated a good rate of 
convergence with the possible exception of the pressure on the tail. This was m e  to the 
effect of the wing wake on the tail. The subject of coplanar woke interference i s  
treated in great detail in Reference 49. For the flight configurations explored i n  this 
study, the effects of the rotor wake interference on the XV-15 t i l t  rotor aircraft yielded 
a reduction in the total l i f t  and on increase in the nose-down pitching moment. 
I In order to extend the existing theoretical formulation to include actuator 
disk aerodynamics, new concepts were developed. As shown in Appendix 0, the t i l t  
rotor aircraft problem yielded a system of algebraic equations with zero determinant. 
I t  must be emphasized that the problem of zero determinant i s  encountered whenever the 
wake separates the flow field into two regimes and i s  not peculiar to the actuator disk. 
The problem also occurs with the aerodynamics of blunt fuselage configurations as well 
as with aerodynamics of  buildings. Also, in solving +he problem with the actuator disk, 
the strength of the branch wake, A rpg, may assume any value and cannot be determined 
explicitly in general. In Appendix C i t  i s  shown that A cp can be prescribed as a func- B 
tion of rotor thrust. In addition to exploration of the problem being singuiar, new 
boundary conditions for the actuator disk were formulated and discussed in Section 6. 
10.2 RECOMMENDATIONS FOR FUTURE RESEARCH 
The feasibility and flexibility of a computer method to study rotor wake inter- 
ference effects on the XV-15 aircraft have been demonstrated. The computer program 
can easily be extended for analysis of more complex problems such as helicopter and 
other VTOL configurations. I t  i s  emphasized that the only required inputs to the program 
are the locations of the corner points of the aerodynamic elements and certain specifica- 
tions to the problem, i.e., Mach number, rotor angular speed, angle of attack, and 
rotor thrust for the actuator disk. In addition, the geometry of the wake i s  automatically 
generated. I t  i s  also of particular importance to the user that the program i s  extremely 
easy to use because familiarity with the specific method i s  thus not required, Present 
outputs available from the computer program include the aerodynamic coefficients, i .e . , 
lift, induced drag, and pitching m~ment as well as the pressure and velocity flow field 
around the configuration. 
I t  i s  emphasized that the use of an actuator disk model for the aircraft rotor 
allows the study of aerodynamic interference effects on the XV-15 tilting proprotw 
aircraft, but does not allow the prediction of the l i f t  on the rotor. The Green's formu- 
lation for the actuator disk requires the strength sf the branch wake on the disk to be 
prescribed as an input and this strength i s  proportional to the l i f t  or thrust on the rotor. 
Hence, to obtain the l i f r  on the rotor, a formulation with rotor blades can be developed 
and included in the analysis. 
More detailed study on the XV-15 t i l t  rotor aircraft can easily be undertaken 
to obtain and assess the following: 
0 Effects of a rotor-blade model on the aircraft aerodynamic interference. 
a Effects of vehicle configuration and speed on the longitudinal 
trim. 
Sensitivity of the aerodynamic interference effects to variations in  
aircraft gross weight and power. 
Effects of aerodynamic interference on the aircraft stability and 
handling qualit.ies and characteristics. 
Other areas for future investigation include: 
a The case of f ~ l i  unsteady incompressible flow can be analyzed. This 
requires a step 4 y-step analysis in time: at each step a new geometry 
of the wake i s  obtained from the tangency condition, while the shed- 
vortici ty intensity i s  known from preceding time histories. Also, the 
actual geometry of the t i l t  rotor aircraft can be implemented. Since 
the problem i s  unsteady, the actuator disk model i s  not required. 
a The effect of the compressibility can also be included with special 
attention given to the analysis of the singular blade problem. This 
rear Ire? an extensive modification of the procedure for incompressible 
i iow . 
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APPENDIX A 
AERODYNAMIC POTENTIAL PROGKAM SUSSA ACTS 
Computer program SUSSA ACTS (Steady and Unsteady Subsonic and Super- 
sonic Aerodynamics for Aerospace Complex Transportation Systems) implements the 
method of Morino (References 27 to 29 and 43 to 46). T h i s  program i s  very flexible, 
simple to use, and modular. The geometry i s  defin?d in one section, while a second 
part evaluates the normal wash, the poiential, the Jressure coefficient, and the aero- 
dynamic coefficients (lift, moment, and generalized-force coefficients). Moreover, the 
user need not be familiar with the aerodynamic portion of the program, unlike other 
sop'-isticated aerodynamic programs in which the choice for the combination of various 
panels (sources, doublets, vortices) i s  an art which requires considerable understanding 
of the method. Another advantage of SUSSA P.CTS i s  that the paneling used for the 
aerodynamics i s  completely arbitrary and, ttl?refore, may coincide with the one used 
,- 
for the structural analysis. ' These attributes of the program make the method extremely 
efficient from a practical point of view. Finally, the method i s  both accurate and 
fast, despite the fact that no effort has yet been made to minimize the computation time 
(see References 29, 44, and 46). Other important features of SUSSA ACTS are: 
e Inclusion of control surface mode shapes (i .e., surface rotation). 
Option to compute aerodynamic forces caused by turbulence. 
0 Computation of downwash from arbitrary mcdes. 
0 Geomeiry preprocessor for conventional wing -body -tai l 
combination. 
Option to ccmpute law-frequency (qucsi-steady aerodynamic 
coefficients). 
A flow diagram of SUSSA ACTS i s  presented in Figure A-1 . The sub- 
routines which perform the indicated functions are denoted in the appropriate biocks. 
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Baskally, SUSSA ACTS performs :wo separate functions: one i s  the definition of the 
aerodynamic paneling on the aircraft, at~d the second i s  the computation of the aero- 
dynamic potential and pressure distributions and the determinot ion of the aerodynamic 
force coefficients. The aerodynamic ~anel ing can be accomplished manuall)- by inputing 
the coordinates of the corner points of all selected aerodynamic panels, or by using a 
geometry preprocessor. A geometry preprocessor for conventional wing -body -ta i l con - 
figurations i s  incorporated in SUSSA ACTS (Reference 47). Given the aircraft con- 
figuration geometry, the preprocessor computes the corner point locctions of required 
aerodynamic panels fsr the wing-body-tail configuration. Required inputs include: 
Fuselage length. 
Fuselage diameter (assumed circular) - center section. 
Fuselage shape factors for nose and tail sections. 
Wing span. 
o Wing sweep angle. 
Horizontal and vertical tail pans. 
:lorizontal and vert:cal tail sweep angles. 
This routine el imlnates the requirement for the selectio~r of aerodynamic panel ing by 
the user. 
The second section of SUSSA ACTS implements the aerodynamic potential 
computation method of Reference 44. These computations require the aerodynamic 
panel corner point locations and input rigid-body and flexi ble-body mode shapes, 
control surface rotations, and turbulence. The aerodynamic potential i s  computed 
first, the pressure coefficient distributions are then determined, and the aerodynamic 
force coefficients are computed. 
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APPENDIX B 
INTEGRAL EQUATION FOR ACTUATOR DiSK 
A general integral equation for actuator disks i s  presented in Section 6. In 
this appendix a few mathematical details which are important for the solution of the 
integra equation are discussed thoroughly. For simplicity the emphasis i s  placed on 
a . a; i /mmetric problem, although al i the main conclusions are valid for a general 
~oni i<~~rrat ion as well. 
0.1 INTEGRAL REPRESENTATION FOR ACTUATOR DISK 
The integral representation of the potential for actuator disks i s  presented in 
Sectio ' 6. Noting that since the potential difference A .g = A cp i s  constant on the B 
~.iranch wake, Equation (69) may be rewritten as 
If  P i s  ; iD, the function E(P) assumes the value E, = 1/2 and 
Equation [B-1) reduces to an integral equation. As mentioned in Section 6, in solving 
this integral equation, A cp may assume any value. Therefore, in the actuator disk B 
formulai ion, A rq (which i s  approximately proportioqal to +kc thrust) i s  not an output B 
but an inpr~t o the (vo';lem. This indicates that the actuator disk integral equation i s  
singular, since ti*,- solution i s  not unique. This point i s  analyzed further in Subsection 
0.3. 
In addition, even i f  A rp i s  treated as a constant, the integral equation i s  B 
; , . i ~  sing~.lar. The protlem exists any time when the wake separates the flow field into 
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two separate regions, one inside and one outside the wake. I t  should be noted that 
this i s  the only reason for this problem, and therefore i s  not peculiar to the actuator 
disk. This problem occurs in the formulation for bodies with a blunt back such as a 
fuselage with truncated base. A similar problem occurs in the formulation for building 
aerodynamics. This point i s  analyzed in detail in  Section 8.2. In order to emphasize 
that the ~roblem i s  not peculior to the actuator disk formulation, h rp i s  assumed to be 8 
equal to zero (i.e., there i s  no vortex emanating from the root of the blades), and 
t h i s  i s  presented in  Section 8.2. The extension to the case with A cp different from 8 
zero i s  cons:dered in Section 8.3. 
8.2 ACTUATOR DISK WITH bcpB = 0 
In order to show that the ictegral equation for the actuator disk i s  singular 
even i f  Apg i s  prescribed, i t  i s  convenient to obtain Equation (8-1) a new way. Assume 
Acpg = 0. Consider Figure 8-l(c), and note that the value E = 1 outside the actuator 
disk may be obtained as the sum of the function Ei for inner flow ( i  .e., inside the 
wake) and the function Eo for the outer flow ( i  .e., outside the wake) or 
Applying Green's theorem to the regions shown in Figures B-l(a) and B-l(b) 
yields 
and 
I (a) Flow Inside the Wake 
(b) Flow Outside the Wake 
t 
' 
E = l  \ .
I D  -\-. \ 
1; \ '# 
(c) Flow Outside the Actuator Disk 
Figure 0-1. Geometry for Green's Theorem for Actuator Disk. 
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Note that 
Thus, adding Equations (8-3) and (8-4) and using Equations (8-2) and (9-5) yields 
where A cp - po - pi . Note that Equation (9-6) coincides with Equation (8-1) with 
A vB = 0. In order to show that the operator in Equation (8-6) i s  singular, i t  i s  suffi- 
cient to show that the homogeneous equation ( i  .e., with a cp/b n = 0) 
has a nontrivial soluti~n. In order to show this, consider the function 
rp (P) = 0 P outside Ci 
NT 
= 1 P inside Pi 
I f  acp/an = 0 (homogeneous problem), this function i s  a trival solution 
( .e., 0 = 0) of Equation (8-41, whereas for Equation (8-3) one obtains (note that 
I 
which i s  identically satisfied, since (indicating with 0 the solid angle) 
0 6 ( f )  d i i  z fi = 0 outside Ii 
2. 
I = 2~ on Z .  I
= I n  inside Xi (B-I 0) 
Since cp i s  a nontrivial solution for both Equations (8-3) and (8-4) with azp/an = 0, NT 
i t  i s  a nontrivial solution for their sum, Equati~n (8-7). Hence, the operator i r i  
Equation (B-1) (with A rpB = 0) i s  singular; therefore, i f  rp satisfies Equation (B-1 ), 
then 
(where C i s  an arbitrary constant) also satisfies Equation (8-1). 
Finally note that in the cumerical formulation, Equation (B-1) i s  replaced by 
Equation (91). However, the doublet integral represents solid angles and the total 
solid angle i s  evaluated exactly with the use f f rh, hyperboloidal elements. Thus the 
discrete form of Equation (B-10) i s  st i l l  valid e,.actly. Therefore, even the discrete 
system i s  singular, i .e., the determinant 
to zero. T h i s  implies that the vector 
of the system given by Equation (91) i s  equal 
(B-12) 
i s  a nontrivial solution for Equation (91) with right-hand-side equal to zero, or that 
i f  Gi i s  a solution to Equation (91), then 
(where C i s  an arbitrary constant) i s  also a solution to Equation (91) (i .e., i f  the 
solution exists and i s  not unique). 
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8.3 ACTUATOR DISK WITH A rB # 0 
The operator in Equation (8-1 ) has an additional nontrivial solution; however, 
t h i s  solution does not satisfy Equation (B-6) which i s  obtained from Equation (B-1) by 
dropping the branch wake. The implications of this feature are discussed later in the 
section. An explicit solution f i r  Eqmtion (B-1) i s  given for an actuator disk in axial 
flow, i.e., for an axi mmetric case. Then i t  i s  shown that the general case has a 
solution with features similar to the ones of the axisymmetric case. 
The geometry for the axisymmetric case i s  given in Figure 8-2, where again 
i t  i s  shown that the complete flow (Figure B-2(c)) may be thought of as the superposition 
of the flow outside the wake (Figure B-2(b)) plus the one inside the wake (Figure B-2(a)). 
The shaded area indicates the branch wake (which does not exist for the outer flow, 
Figure B-2(b)). Applying Green's theorem to the geometries of Fig;es B-2(a), B-2(b), 
and a-2(c) yields, respectively 
4~ Ei(P,)rp (P,) = - [q (:) - ( )  ] dzi 
' i
+ A p ~  ij; (f) dT 
v 
where A rpB i s  the (constant) potential discontinuity on the branch-wake surface, Z; 
(a) Flow Inside the Woke 
(b) F(ow Outside the Wake 
(c) Flow Outside the Actuator Disk 
Figure 8-2. The Geometry for Axisymrnetric Actuator Disk Problem. 
and 
Note that Equation (B-16) may be obtained by adding Equations (B-14) and (8-15). 
Consider the nontrivial solution 
rpB(P) = 8 for P inside Xi (-n 5 8 5 n) 
= 0 for P outside Xi 
where 8 i s  defined in Figure B-3(a). Note that, by definition of 8, the branch wake i s  
I 
located at e = +n . T h i s  i s  .rot a limitation since, according to Equation (8-14), i t  i s  
always possible to add a constant to y, Note that in  any event B ' I 
I f  arp/an = 0 (homogeneous equation), rpB satisfies trivially (i .e., 0 = 0) 
Equation (B-15) whereas for Equation (8-14) one obtains 
4nE(P,)p (P,) = Qi6 13 
' i
- J . I  (f) dz 
(a) Definition of 8 
(b) Definition of 8, 
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Figure 8-3. Actuator Disk Branch Wake Potential Geometry for Nontrivial Solution. 
Note that (see Figure 0-4) 
1 A (i) q = - - (r n i )dc  = d z  cos CY 
a ni 
r 
3 r 2 
r 
2 
i s  the sal id angle for d Z as seen from P, (positive since (n r) < 0)). In ordc - to 
evn l~a te  tk 2 first integral i t  i s  convenient to introduce the variable 
The function cp cs a function of Q i s  given in  Figure B-5. Limiting 0 ,  to the interval B 1 
(-n , n) the function cpB i s  given by 
where (ossuming 8, > O for simplicityt ) 
Thus, Equation (0-20) may be rewritten as 
- - 
where doB i s  negative since n r > 0. 6 
-- 
t ~ h i s  hypothesis i s  not rettrictive in view of the axisymmetry of the problem. 
Am RO 8 PAC. 8V8TmMQ, INC. 0 oNc VlNR .ROOK PARK .URLINOTON. MAmmACHUSMTTll OlBO3 h q 7 )  P7P-7B37 
Figur~ 8-4. Solid Angle. 
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-- 
Figure B-5. Variation of cp B as Function of 0 1 ' 
Next, note that 
because of antisymmetry of the integrmd, (we Figure 9-3@)). Then, since d% i s  
negative, 
Thus, Equation (8-25) reduces to 
Since (1 d o  = 4n i f  P, i s  inside Xi 
C. 
I = 2n i f  P, i s  on C. I 
= 0 i f  P, i s  outside 5 
Equation (8-27) i s  equivalent to Equation (8-17j. Therefore i s  a nontrivial solution 
'PB 
of Equation (8-16) with acp/ih = 0, which indicates that the operator in Equation (8-16) 
i s  singular. 
Finally, the above results imply *at the solution of Equation (B4) (without 
branch wake) also satisfies Equation (B-I) ,  since that solution has A cp = 0. Therefore, B 
not only i s  the determinant equal to zero, but A qB cannot be determined by Equation 
(B-1). In order to have a solution with A cp f 0, the valus of A cp must be prescribed B B 
and the branch wake integral must be treated as a known quantity. This implies that 
the boundary conditions on a+h (Equation (6-1 1 )) are not sufficient to determine the D 
problem, but the value of A cpB (proportional to the l i f t)  must be presc, ibed as we1 I. 
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The above solution could be obtained by noting that the circulation i s  equal 
to zero for a contour outside Zo (since the contour may be reduced to zero without 
intersecting any singular line .x surface) whereas the circulation i s  constant and dr ffer- 
ent from zero i f  the contour i s  inside 2. and simply connected with the vortex line 
I 
emanating from the center of the actuator disk. In other words, for a nonaxisyrnmetric 
configuratior? the nontrivial solution i s  still equal to zero outside C whereas there is 
0 ' 
a constant discontinuity on the branch wake. 
APPENDIX C 
EVALUATION OF THRUST ON TI :E ROTOR 
The rotor thrust perpendicular to the tip path plane can be determined from 
momentum considerations. For simplicity, only a single rotor blade i s  explicitly 
included in the analysis, although the result i s  valid for mu1 ti-blade rotor configura- 
tions as we1 I. 
Conservation of niamonturlr states that the time rate of increase of momentum 
within a fixed cantrrl volume,V, i s  equal to the rate ot which momenttlm i s  changing 
within V pius the net forces acting on the fluid within V. For the case of steady 
;low wTth r iqi igible viscous and body fort%, the conservation of momentum i s  written 
where the first term represents the forces acting on the control surface due to the normal 
pressure, p, and the second term represents the change of momentum of the fluid 
in the control volume. Note that n i s  the unit normal directed positively out from the 
surface ZR+ZB. The control surface CD defines an actuator disk which encloses the 
rotor blade. As shown in Figwe C-1 , C i s  :he contour of the rotor blade and, therefore, R 
there i s  no momentum flux through i t .  
The fluid enters the control volume at station 1 and leaves at station 2. 
Note that pl , V -, and p, are average values of the pressure, velocity, and density, 1 
respectively, upstream of the rotor. Similarly, p2, V2, ond p2 are averqe valves 
downstream of the rotor. The lateral side of CD can be chosen along streamlines and 
momentum flows through BD only at  stations 1 and 2; hence, any flux through the 
lateral side of Z,, i s  assumed to be negligible. Equation (C-1) can now be written 
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The flux of momentum, h, through the control surface i s  
Note that the continuity equation yields, in average, 
and noting that 
one obtains 
Therefore, the flux through Pa ran be written as 
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Let denote the force on the rotor 
Using Equation (C-8) in  Equation (C-2) yields 
The thrust perpendicular to the rotor tip path plane is, by applying 
Equation (Cd) ,  
This i s  the desired expression which relates the forces acting on the rotor to the forces 
acting on the actuator disk. 
The pressure i s  obtained from Bernoul I i 's equation 
1 9 + re. + - Vlp Vlp = constant 
a t  p 2 
I t  i s  assumed that the radial velocity i s  negligible when compared with 
circumferential velocity and this yields 
Equation (C-11) ccln be written as 1 
Combining Equations (C-10) and (C-13) and neglecting higher order terms in Equation j 
(C-13), the thrust on the rotor becomt-: 
Note that 
because the branch wake surface i s  on the lower surface of the disk. 
Combining Equations (C-i4) and (C-IS), 
which i s  an expression which relates the discontinuity on the wake branch with the 
rotor thrust. In terms of the thrust coefficient, Equation (C-16) becomes 
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where 
A cpg = strength of branch wake 
R = rotor radius 
Q = rotor speed 
